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Nanoparticle precipitation in a T-mixer was investigated experimentally as well as
through simulations based on the population balance equation coupled with a global
mixing model using barium sulfate as the substance under investigation. A detailed
predictive precipitation model is presented and the important model parameters are
identified: the mixing kinetics, the interfacial energy, and the physicochemical calculation
of supersaturation. Furthermore, the capability of the global mixing model was evaluated,
achieving good agreement of the mean particle sizes between experimental and simulation
results. Many insights into the kinetics and the relevant time scales of the competing steps
such as micromixing (mixing at the molecular level), nucleation, growth, and aggregation
are obtained. However, some discrepancies in the width of the particle size distributions
remain that are attributed to spatial and temporal fluctuations in the flow field and,
consequently, in the mixing kinetics that cannot be resolved by the applied global mixing
model. © 2004 American Institute of Chemical Engineers AIChE J, 50: 32343247, 2004
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Introduction

Precipitation is a widespread process in industry for the
production of particles of various size distributions, morphol-
ogies, and other properties. To improve and predict the product
properties of precipitation processes, as well as to apply pre-
cipitation to new products such as nanoparticles, further and
deeper understanding of the involved steps is required. These
product properties result from the competing kinetics of the
various involved parallel and subsequent steps such as mixing,
nucleation, growth, and secondary processes such as agglom-
eration, aggregation, or ripening. For the formation of nano-
particles, high levels of supersaturation—the thermodynamic
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driving force of phase transition—are necessary because of the
highly nonlinear dependency of the nucleation rate on super-
saturation. Consequently, because supersaturation is “gener-
ated” through micromixing (mixing on the molecular scale),
fast mixing (high mixing intensities) is required (Schwarzer
and Peukert, 2002, 2004). Furthermore, because of the small
sizes and because particle formation is a very fast process
(especially in nanoparticle precipitation), numerical methods
have to be applied to elucidate important features of the pro-
cess.

There are a number of studies on the effect of mixing in
precipitation with different methods and objectives. However,
micrometer-sized particles were formed in most studies. Tor-
backe and Rasmuson (2001) investigated mixing effects in a
loop reactor; David (2001), Baldyga et al. (1995), and Phillips
et al. (1999) used batch reactors with single or double feed.
Couette-type precipitators were applied by Judat and Kind
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(2002) and Barresi et al. (1999). Baldyga and Orciuch (2001)
and Marchisio et al. (2002) used coaxial pipe reactors. Com-
pared to static mixers such as T- and Y-mixers as well as other
impinging jet reactors, the former reactors provide lower mix-
ing intensities and (with the exception of the pipe reactors) the
particles remain longer in a supersaturated environment, which
leads to further growth. Thus they are not appropriate for the
generation of nanoparticles.

Recent studies into nanoparticle precipitation, besides the
work by the authors (Schwarzer and Peukert, 2002, 2004),
were done by Heyer (2000), who investigated the formation of
organic nanoparticles by drowning-out precipitation; by Eble
(2000), who emphasized the significance of surface properties
for precipitation kinetics and whose considerations are the
basis of modeling the interfacial energy in this work; and by
Schlomach et al. (2002), who studied the formation and aggre-
gation of nanoparticles under shear stress.

Controlling and preventing particle aggregation is the further
major task to be met in nanoparticle precipitation, given that
particles can easily aggregate into the micrometer range within
<1 s if no further measures such as electrostatic stabilization
are taken. It is important that the stabilization kinetics is
sufficiently fast. Using macromolecules for stabilization, this
aspect might be critical. Electrostatic stabilization through the
adsorption of potential determining ions on the particles’ sur-
faces can be achieved by adding such ions to the suspension,
preferably before precipitation, and by keeping the ionic
strength as low as possible. For many salts, lattice ions can be
considered as potential-determining ions because they fit per-
fectly onto the surface. For BaSO, nanoparticles the lattice ions
as well as H" and OH™ ions can be considered potential
determining (Eble, 2000). The adsorption isotherm of Ba>* and
H™ ions on barium sulfate were determined by the authors
(Schwarzer and Peukert, 2005).

Experimental

Precipitation experiments with barium sulfate as the model
substance were carried out at 25°C as continuous experiments
in a T-mixer, using aqueous solutions of barium chloride
(VWR 101719, analytical grade) and sulfuric acid (VWR
109912, Combi-Titrisol) as feed solutions, forming barium
sulfate according to Eq. 1. The T-mixer consists of two feed
tubes of 0.5 mm diameter, positioned centrically opposite each
other and the main tube with 1 mm diameter and 10 mm length.
The relatively small geometric sizes of the mixer were chosen
to provide intense mixing, necessary for nanoparticle precipi-
tation. Nevertheless, the mixer capacity is remarkable: it is
capable of mixing a total of 1 m® of aqueous solution within
24 h and thus precipitating about 100 kg of nanoscaled BaSO,
if operated at a pressure drop of about 14 bar

BaCl, + H,SO, — BaSO, + 2HCI (1)

Constant pulsation-free flow rates for the (continuous) experi-
ments are provided by a special device consisting of two
pistons that are moved by a stepping motor and gear reduction
in temperature-controlled tubes of high-precision DURAN®
glass by Schott Gerdte GmbH (Hofheim, Germany). Besides
feed concentrations, the total flow rate was varied between 0.2
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Figure 1. Experimental setup.

and 12 mL/s, using equivolumetric flow rates of the feeds. Thus
the Re number, calculated based on the main tube diameter,
varied between 250 and 15,000 and the mean residence time in
the main tube between 0.67 and 40 ms. Samples were collected
for analysis at steady-state operating conditions. The experi-
mental setup is shown in Figure 1.

The obtained particle size distribution (PSD) was measured
based on quasi-elastic light scattering using a commercial
device (UPA 150 by Microtrac). The reproducibility of the
experiments was checked and a standard deviation of the mean
size of less than 7% was found based on 15 individual exper-
iments. Additionally, after filtration and drying of the samples,
the specific surface area was determined through nitrogen
adsorption (BET), the morphology determined by X-ray dif-
fraction and TEM, and AFM images taken to validate the
measured sizes.

To quantify the mixing intensity, the pressure drop—impor-
tant because it contains information on the total amount of
friction and shear in the flow—was determined by recording
the hydrostatic pressure upstream of the mixer (pressure sensor
AO08; Sensor-Technik Wiedemann) and applying the Bernoulli
equation to calculate the pressure drop in the mixer. For that
purpose, the pressure drop in the feed tubes between sensor and
main tube was determined using a specially built adapter that
included the 0.5-mm section of the mixer but not the main tube.
A pressure drop coefficient referring to the mean velocity in the
main tube of { = 12.56, attributed to the mixing, was obtained
(Eqg. 2). Because the measured pressure drop did not change
with increasing length of the main tube, it can be concluded
that the pressure drop arises (almost) completely from the
impinging of the two feeds

1 2
Ap = 5 Pr gumetm (2)

Because of the mixer geometry (impinging of jets) and the
resulting high pressure drop, the flow in the main tube can be
considered turbulent for most of the investigated Re number
range. This was confirmed by visualization experiments (which
will by published) and by results by Telib et al. (2004), who
used direct numerical simulation to calculate the flow field in a
similar T-mixer configuration. They found a transition from
periodic oscillating flow to turbulent flow in the range between
Re = 400 and Re = 500.

From the measured pressure drop, the mean specific power
input in the main tube can be calculated, and values ranging
from about 10 W/kg (Re = 250) up to 2 X 10° W/kg (Re =
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Figure 2. Measured particle size distributions of
nanoscaled barium sulfate precipitated from
0.5 M BaCl,, and 0.33 M H,SO,, solutions show-
ing the influence of mixing intensity (Re num-
ber).

15,000) were obtained. The corresponding Kolmogoroff
lengths are 18 wm and 840 nm, respectively, both well above
the obtained particle sizes.

Figure 2 shows measured PSDs of barium sulfate nanopar-
ticles precipitated from 0.5 M BaCl, and 0.33 M H,SO, solu-
tions at different flow rates. With increasing flow rate (Re
number) and, consequently, increasing mixing intensity smaller
particles are generated. This trend is confirmed by the TEM
microphotographs shown in Figure 3 of barium sulfate precip-
itated from 0.7 M BaCl, and 0.23 M H,SO, solutions at two
different flow rates (Re = 382, left; Re = 6360, right). In these
experiments a surplus of barium ions was chosen to electro-
statically stabilize the generated suspensions against aggrega-
tion. For both sets of initial concentrations the generated sus-
pensions can be considered stable within the timescale of
interest: the increase of the volume-weighted mean particle size
was measured to be <1 nm/min.

Precipitation Model

To deepen the understanding, to gain new insights, and to
predict PSDs as steps toward predicting product properties, the

precipitation process in the applied T-mixer is modeled and
simulated, assuming plug flow through the mixer. Thus the
model is one-dimensional (1D) spatially resolved. Based on
this assumption, the evolution of the PSD with the position in
the mixer is converted to a temporal evolution of the PSD. The
particles in the model are characterized by the diameter x of the
volume-equivalent sphere and the temporal evolution of the
PSD is modeled based on the 1D population balance equation
(Eq. 3), including the terms for nucleation, growth, and aggre-
gation. To account for the mixing influence, the population
balance equation is coupled by species balances with a mixing
model, the modified engulfment model of micromixing, de-
scribed as

an(x) I[G(S, x)n(x)]
ot :\Bhom(s7 ’YCL)‘_,)‘[XC(S’ yCL)]j_ dx
nucleation —_—"
! growth

+ \l.;agg(n’ x) - Dagg(n’ X)/ (3)

aggregation

In this equation n(x) is a number density concentration of
particles of size x. The first term on the right-hand side ac-
counts for nucleation, the second for growth, and B,,, and D,
represent the aggregation process. The function f (x.) describes
the number density distribution of the formed nuclei with x.
the size of the critical nucleus. Often, Dirac delta functions are
used for f(x.). However, the delta function is not suitable in
combination with the applied method of solution for the pop-
ulation balance equation. Additionally, it is likely that there are
fluctuations of nuclei sizes even under constant conditions and,
because for random fluctuations a Gaussian distribution is
appropriate, a (narrow) Gaussian distribution is assumed for
f(xc). To quantify the distribution width a standard deviation of
5% of the mean size is chosen. The influence of this choice was
tested for standard deviations ranging up to 100% (larger
values were not checked) without observing significantly dif-
ferent PSDs, thus confirming the applicability of the chosen
function.

Supersaturation

The driving force for solid formation through nucleation and
growth is supersaturation, a measure for the system’s thermo-

= 200 nm

Figure 3. TEM micrographs of barium sulfate precipitated from 0.7 M BaCl,, and 0.23 M H,SO, solutions at Re = 382

(left) and Re = 6360 (right).
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Table 1. Compilation of Values for the Solubility Product
K, of Barium Sulfate at 25°C, Found in Literature

Source

Gmelin (1960)

Monnin and Galinier (1988)
Schubert (1998)

Monnin (1999)

Value of Solubility Product K,

1.08 X 107" (kmol*/m®)
8.91 X 10~ (kmol*/m®)
1.37 X 107" (kmol*/m®)
9.82 X 10! (kmol*/m®)

dynamic offset from its equilibrium. For a binary salt such as
barium sulfate, a concentration-based supersaturation S, can be
calculated from the ion concentrations and the solubility prod-
uct Kgp as material property (Eq. 4). Various values of the
solubility product, found in the literature, are compiled in Table
1. In this work, the value by Monnin (1999) is taken

CBaCso4
S.= 4
\ K., 4)

Under the investigated experimental conditions, however,
additional factors have to be taken into account when calcu-
lating the real supersaturation: because of the high ionic
strengths activities have to be used instead of concentrations,
the incomplete dissociation of sulfuric acid has to be consid-
ered as well as the formation of metal-sulfate (ion-pair) com-
plexes, as discussed in Monnin (1999).

The mean activity coefficient is calculated as a function of
the ionic strength / and the concentrations of all electrolytes by
the method proposed by Bromley (1973) as an advanced,
multicomponent version of the Debye—Hiickel limiting law,
valid for ionic strengths up to 6 kmol m 2. For the dissociation
of sulfuric acid, the first stage can be considered complete and
for the second stage a value of K;;;, = 1.2 X 107> kmol m >
at 25°C was taken from the literature (Gmelin Handbook,
1960). For the equilibrium constant for the formation of the
barium sulfate ion-pair complex, a value of K;, = 1.91 X 1073
kmol/m? can be found in Felmy et al. (1990) and a value of K,
= 5.4 X 1072 kmol/m® can be found in Monnin (1999), both
assuming that the activity coefficient for neutral species such as
the ion-pair complex are close to unity. For consistency with
the solubility product, the value by Monnin is used further on.
It is important to emphasize that in this hybrid approach, the
interaction of barium and sulfate ions in the solution are ac-
counted for by the ion-pair complex and the interactions of
these two ions with all other ions are accounted for by the
activity coefficient.

To validate the approach, the solubility of barium sulfate in
aqueous solutions of sodium sulfate is calculated and compared
to experimental data by Jiang (1996) for three different model
approaches: (1) concentration-based; (2) activity-based (that is,
including the mean activity coefficient), without considering
the formation of the ion-pair-complex; and (as most sophisti-
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Figure 4. Solubility of BaSO, in aqueous Na,SO, solu-
tions (Comparison of experimental data by
Jiang (1996) at 20°C with simulation results
based on three different models).

cated model) (3) activity-based, including the formation of the
ion-pair complex. The results are illustrated in Figure 4 and
clearly show that the activity-based approach including the
complex formation agrees best with the experimental data. The
values of solubility product as well as the equilibrium constant
of ion-pair formation at 20°C, corresponding to the temperature
of the experimental data of Jiang (1996) (the experiments of
this work were done at 25°C), were also taken from Monnin
(1999).

The true Ba®>* and SO~ concentrations and the mean ac-
tivity coefficient are then calculated iteratively and used to
calculate the real supersaturation S (Eq. 5). Table 2 shows a
comparison of initial concentration-based and real supersatu-
rations assuming instantaneous mixing. The deviation by a
factor of 10 to 20 for the investigated feed concentrations
clearly demonstrates that an enormous error would be made if
concentration-based supersaturations would be used

Cg a,real CSO4,real

K., 5)

S=v.

Nucleation

According to Mersmann et al. (2000), and supported by the
experimental findings of Schubert (1998), primary homoge-
neous nucleation can be considered the dominant nucleation
mechanism at the studied high supersaturations. The nucleation
rate of homogeneous nucleation can be calculated based on the
classical nucleation theory according to Eq. 6. Details on the
derivation can be found in Mersmann (2000). The nucleation

Table 2. Comparison of the Initial Concentration-Based and Real Supersaturation for the Investigated Combination of Feed
Concentration Assuming Instantaneous Mixing

CBaCh Feed 0.5 kmol/m? 0.15 kmol/m? 0.7 kmol/m? 0.21 kmol/m?

CH2504 Feed 0.33 kmol/m? 0.1 kmol/m* 0.23 kmol/m? 0.07 kmol/m?
- 20,495 6180 20,248 6118

S 1082 694 1076 682

Ratio S/S. 0.053 0.112 0.053 0.111
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Figure 5. Homogeneous nucleation rates as function of
supersaturation and interfacial energy calcu-
lated for barium sulfate.

rate strongly depends on supersaturation and on the interfacial
energy 7y, because the exponential term in the nucleation rate
equation is a third-order function of the latter parameter. Figure
5 illustrates these dependencies for barium sulfate. The diffu-
sion coefficient D,, was calculated following the Stokes—
Einstein relation and the molecular volume V,, was derived
from the bulk density of barium sulfate (4500 kg/m?). As can
be seen from the illustration, an increase of the interfacial
energy by 20% leads to a decrease of the nucleation rate by
several orders of magnitude. Thus the interfacial energy is a
critical parameter

;ICL
Biom = 1.5D,5( \r@ SNA)m T Vo

16w Ycr ? Vﬁ; )
XGXP(‘3(;¢T> sy ©

Besides the nucleation rate, the size of the formed nuclei is
also a function of both supersaturation and interfacial energy.
To calculate the size x. of the newly formed particles, the
following equation for the critical nuclei size, taken from
Mersmann (2000), is applied

47CLVm
YT UkTn S @)

Growth

Particle growth, that is, the transport and integration of ions
into the crystal structure of the particles, can be considered
transport-controlled at high supersaturations (Mersmann et al.,
2000). Angerhofer (1994) experimentally determined the tran-
sition from integration- to transport-controlled growth at su-
persaturations of about S = 40, obtained for micrometer-sized
particles in stirred batch experiments. For nanoparticles Eble
(2000) derived an equation that can be used to estimate the size
x of the particles at which the changeover from integration-
controlled to transport-controlled growth takes places; states
based on this equation (the changeover size for common spar-
ingly soluble substances such as barium sulfate) is about ten
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times larger than the nucleus size corresponding to those con-
ditions. Thus, assuming transport-controlled growth is applica-
ble because the precipitated particles are much larger than the
size of critical nuclei during most of the solid formation pro-
cess.

The linear growth rate G (Eq. 8) is derived for spherical
particles based on the mass transport equation stating that the
mass flux equals mass transfer coefficient times surface area
times activity gradient (that is, the difference of activities
between bulk solution and the surface). The mass transfer
coefficient is expressed through the Sherwood number (Sh) and
the diffusion coefficient (D,), the latter calculated using the
Stokes—Einstein equation. Because there is no relative motion
between particles and surrounding fluid, Sh = 2 is assumed.

Because an excess of Ba>" ions is used in the experiments
(necessary for the electrostatic stabilization of the particles
against aggregation), the activity gradient between bulk and
surface is larger for Ba>* ions than for SO~ ions, resulting in
a stronger diffusive transport of Ba>" ions and leading to the
buildup of charges on the surface. These charges electrostati-
cally slow down the transport of further Ba>* ions and enhance
the transport of SO~ ions toward the surface at the same time.
Thus the transport is not a purely diffusional process but a
combination of diffusion and electrostatic attraction/repulsion
and the transport processes of both ion species interact through
charging of the particle. As the surface charge builds up,
differences between the transport rates of both species diminish
and the rate of change of the surface charge decreases.

Because only few (excess) Ba" ions suffice for the buildup,
a considerable surface charge compared to large amounts of
(both) ions to form a particle, the buildup of surface charge can
be considered much faster than the total duration of growth.
Consequently, an “equilibrium” surface charge and pseudo-
steady-state conditions are reached, characterized by equal
transport rates of both ion species. Without equal transport
rates in the pseudo-steady state, electroneutrality could not be
kept both in the boundary layer and in the liquid phase far from
the particle surface. Thus there is a mean transport rate that is
larger than the transport rate of SO3~ ions and smaller than the
rate of Ba®>" ions without considering the electrostatic influ-
ences. Because the activity gradients of both ion species vary
during the process, so does the “equilibrium” surface charge.

In the derivation of Eq. 8, it is assumed that the “equilib-
rium” surface charge changes instantaneously. Furthermore,
the activity gradient of the mean transport rate is approximated
by the difference of the mean (geometric) activities between
bulk and surface and, applying Eq. 5, the mean activities are
expressed through the root of the solubility product times the
supersaturation. At the surface equilibrium is assumed (that is,
S.

surface 1)

ax Sh Dyp\Ksgp M S — 1
G=—=12 8
ot pc X

Interfacial energy

The interfacial energy exhibits a strong influence on the
nucleation rate (and consequently on the PSD) and it is thus a
crucial parameter. Because changes in the interface imply an
additional amount of work, the interface needs to be considered

AIChE Journal



in a thermodynamic description of the system. If the interface
is charged (charge attributed to structure or structure defects of
the particle as well as to adsorbed ions), the resulting electrical
field also has to be considered.

Based on the concept of a Gibbs dividing surface and as-
suming constant temperature as well as equilibrium throughout
the three-phase-system (solid, interface, liquid), the Gibbs ad-
sorption isotherm (Eq. 9) can be derived analogously to the
Gibbs—Duhem equation (Hunter, 1986; Sugimoto, 1996, 1999).
In Eq. 9, I'; represents the surface concentration of component
i in kmol/m? and W, represents the electrochemical potential
of component i. For uncharged components, the electrochem-
ical potential equals the chemical potential. Assuming Henry-
type adsorption isotherms, the surface concentration I'; at ad-
sorption equilibrium relates to the activities a; of the adsorbing
species in the solution according to Eq. 10

dy=—2Tdw., 9)

T, = ka, (10)

The electrochemical potential can be divided into its chem-
ical contribution u; (resulting from sorption) and its electro-
static contribution V' (approach of ions toward charged surface)
(Eble, 2000; Hunter, 1986). Expressing the chemical potential
through activities (Eq. 11) and also taking a possible structural
surface charge density o, into consideration, Egs. 9, 10, and 11
lead to Egs. 12 and 13

W= e + RTIna,  dw, = RTd(Ina)  (11)
dy = —> kaRTd(In a;) — od¥ (12)
o=0,+t z z,Fka; (13)

i

Using the Grahame equation (Eq. 14) taken from Israelachvili
(1991), which is based on the Boltzmann distribution of ions
between a charged surface and the bulk at infinite distance, Eq.
12 can be integrated from the material-specific contribution vy,
resulting in Eq. 15. The material-specific contribution vy, of the
interfacial energy (that is, without considering adsorption) can
be calculated by Eq. 16 (Mersmann, 1990), which is based on
an observed correlation between interfacial energy and solu-
bility (Nielsen and Sohnel, 1971). It is important to emphasize
that the summation in the Grahame equation includes all ion
species in the electrolyte

—z;eW
o= \/2880/(TNA > {c,[exp( T ) - IH (14)

J

Vo
Yo = Yo — RT 2, ka; — f o(V)d¥ (15)

t 0
~ AN v

chemical

P electrostatic
contribution

contribution
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1 Pc
=0.414kT w— In| ——— 16
Yo \3/‘73” <M\,@) (16)

In summary, the interfacial energy of a solid-liquid interface
at thermodynamic equilibrium depends through adsorption on
the composition of the liquid phase. If the liquid phase contains
adsorbing units, the interfacial energy is modified because of
the adsorption (chemical contribution). If the adsorbing units
are charged, an electrostatic contribution has to be considered
additionally for work involved with the approach of ions
through the electric field; in that case, ions that do not adsorb
also influence the interfacial energy. Experimental evidence for
such behavior is given, for example, by Butkus and Grasso
(1998), who determined the interfacial energy of water/PTFE
by contact angle measurements under variations of the sodium
chloride concentration.

For the investigated system (barium sulfate precipitated from
barium chloride and sulfuric acid aqueous solutions with an
excess of barium ions), it is known by the work of Eble (2000)
that only Ba>* and H" ions adsorb significantly on barium
sulfate particles. The adsorption isotherms of these two ions
were determined quantitatively by the authors (Schwarzer and
Peukert, 2005), based on the aggregation kinetics of nanoscaled
barium sulfate suspensions and the stabilizing effect of ad-
sorbed ions. The authors successfully applied Henry-type iso-
therms and obtained ky, = 1.3 X 10~ * m*/m? as well as k,; =
2.8 X 102 m*m? as values of the adsorption (Henry) coeffi-
cients. Applying Eq. 16, a value of 0.1266 J/m? is obtained as
material-specific contribution .

Aggregation and agglomeration

Aggregation (and agglomeration) is modeled (assuming bi-
nary aggregation) based on the work by von Smoluchowski
(1917), distinguishing two reasons for collisions: collisions
resulting from random Brownian motion, termed “perikinetic”
or “Brownian”’; and shear-induced collisions, termed ‘“‘orthoki-
netic.” For perikinetic aggregation, the collision rate can be
calculated according to Eq. 17, whereas for shear-induced
aggregation Eq. 18 is applied. The latter equation is based on
the concept by Camp and Stein (1943), who were the first to
apply the simple laminar shear-flow concept of von Smolu-
chowski to turbulent flows. Their concept was expanded by
Saffman and Turner (1956) who took—besides velocity dif-
ferences between particles—the relative velocity between par-
ticle and surrounding fluid into account

_ 2kT 1 1 17
Bcoll,peri - 3VFPF (-xi + x/) X + -xj ( )
= T +x)P 18
:Bcoll,ortho - 8 X 15 (xi xj) vy ( )

The Saffman and Turner approach to shear-induced collision
rates assumes that the particles follow the fluid flow completely
and that the particles are much smaller than the size of the
smallest eddies of the turbulent flow, that is, smaller than the
Kolmogorov length scale. For nanoparticles—that is, particles
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with a characteristic length in the range of a few nanometers to
several hundred nanometers—these limits are fulfilled.

An advanced method to calculate the collision rate in turbu-
lent flows was presented by Kruis and Kusters (1997). This
method is not limited to the above-mentioned restrictions con-
cerning particle size and energy dissipation rate. However, it is
far more complicated to calculate because detailed knowledge
of several turbulence and flow field parameters is required that
have to be obtained through computational fluid dynamics
(CFD). For particles smaller than the Kolmogorov microscale
the Saffman and Turner expression is to be preferred, as even
Kruis and Kusters point out.

To decide whether the Brownian or the shear-induced col-
lision mechanism dominates the aggregation of nanoparticles,
the collision kernels are evaluated. At low energy dissipation
rates &, as in unstirred to moderately stirred suspensions, the
aggregation of nanoparticles is dominated by the perikinetic
mechanism. In highly turbulent flows such as the impinging
zone of a T-mixer, however, orthokinetic (shear-induced) ag-
gregation could dominate, especially for large particles. Be-
cause various regimes in terms of particle size and turbulence
intensity are traversed during precipitation, it is necessary to
consider both mechanisms.

Besides Brownian motion and turbulent shear as reasons for
particle—particle collisions, the effect of particle—particle inter-
actions on the number of collisions is included by a stability
ratio W. This ratio describes the relative number of effective
collisions without and with interactions in addition to omni-
present van der Waals forces. Such additional interactions,
such as electrostatic forces, are attributed to the adsorption of
ions on the particles and the resulting formation of an electrical
double layer. Depending on the collision mechanism, there are
different models to calculate the stability ratio W. For the
Brownian mechanism, W is frequently calculated based on a
transport approach by Fuchs (1934) on particle diffusion under
the influence of particle—particle interaction, whereas for shear-
induced collisions force-based approaches are to be preferred
(Melis et al., 1999). Independent of collision mechanism, val-
ues for W are in the range of one to infinity. For the investigated
system and purely Brownian collision mechanisms, the depen-
dency of the stability ratio W on the composition of the solution
was recently studied by the authors (Schwarzer and Peukert,
2005) and successfully correlated to the adsorption of Ba>* and
H™ ions.

This leads to the following terms for the birth as well as the
death rate density functions of the population balance equation

> * col ( 3/7TA37 A) ( 3’]T)\3) (A)
Bagg(ns x) = xzj B d Vx W(x3 _n)\B\));B ! d)\ (19)
0
“ Beon(X, A
Doy, %) = () f %nmd}\ (20)

0

Mixing model

The relevant mixing process in precipitation is micromixing,
that is, at length scales below the Kolmogorov scale down to
molecular level. To account for the mixing influence, a modi-
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fied model based on the engulfiment model of micromixing by
Baldyga and Bourne (1999) was previously derived (Schwarzer
and Peukert, 2004) and coupled by species balances to the
population balance equation.

The modified model is based on volume fractions X and
assumes ideally mixed zones: one containing only feed solution
A, one containing only feed solution B, and a contact zone. For
simplification these zones are designated and indexed with A,
B, and C for the contact zone. The contact zone itself consists
of two zones, one zone containing only feed solution A, des-
ignated AC, and the mixing zone M containing both solutions.
Thus X, + X5 + Xc = 1 and X, + Xy = Xc. The model
assumes that X increases when either A is mixed with B, A is
mixed with C, or B is mixed with C. The mixing zone M
increases as M is mixed either with B or with AC. To describe
the mixing rates, second-order kinetic approaches are used and,
as rate coefficient, the engulfment parameter E is used as in the
Baldyga model. The resulting equations are given below. Con-
centrations in the mixing zone are then calculated by species

balances, as follows
&
E=0.058+— (21)
Vp

X
Tzc = E(XcXs + XcXp + XaXp) (22)
s plxx, +xx, A 2
dt__ CA+ ABXA+XB (3)
dXy B n X3 o
P —E| X Xp + X, X5 X+ X, 24
dXM XB
o~ E\XcXs + XX, X+ X, + Xu(Xe — Xu) (25)

As can be seen from Eq. 12 the engulfment parameter is a
function of the specific power input ¢ and thus it (and conse-
quently the mixing kinetics) depends on the profile of & along
the path through the mixer. In real mixers, however, the actual
specific power input (that is, energy dissipation rate) fluctuates
strongly with space and time. It is thus different for every
infinite volume that flows through the mixer. Because real
e-profiles through the mixer are not known, four conservative,
arbitrarily chosen profiles are evaluated, taking into consider-
ation that the pressure drop arises mainly from the impinging:

® ¢ is constant through the mixer (termed constant)

® ¢ decreases with mixer length at a constant rate (triangle)

® 50% of the power input is dissipated within the first 10%
(=1 mm) of the mixer (step50)

® 90% of the power input is dissipated within the first 10%

(=1 mm) of the mixer (step90)
Using the presented profiles represents a good, global starting
point to mixing modeling. Spatial and temporal resolution of
mixing could, however, be necessary to capture the mixing
more accurately.
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Figure 6. Comparison of experimental data obtained un-
der presumably perfect mixing conditions and
simulation results for instantaneous mixing
showing importance of modeling the interfa-
cial energy vy¢,.

Simulation Results

The precipitation process is simulated using the commercial
software Parsival (CiT GmbH, Guben, Germany). The imple-
mented algorithm uses a finite-element type Galerkin h-p
method and applies a time discretization of Rothe’s type.
Besides computational speed, the main advantages of the
Galerkin h-p method are that no assumptions concerning the
shape of the PSD are necessary and that the overall accuracy
can be estimated quantitatively from the mass defect during
simulation. In the presented simulations, the mass defect was
always within 0.7% of the theoretical value.

Perfect mixing

Figure 6 compares measured mean (number) particle sizes
obtained under presumably perfect mixing conditions with
simulation results, assuming instantaneous mixing with and
without considering the changes in the interfacial energy at-
tributed to composition based on the presented model. Based
on the experimental findings it is believed that mixing in these
experiments is fast enough (compare to Figure 7). Under these
conditions the suspensions are sufficiently stabilized to neglect
aggregation (Schwarzer and Peukert, 2005). The parameter R
indicates the initial molar ratio of barium to sulfate ions, a
parameter that was also varied.

As can be seen, the simulation results including the model of
interfacial energy (solid lines) agree much better with experi-
mental findings than those without considering the model
(dashed lines), emphasizing the necessity to model the interfa-
cial energy. The simulated (solid) lines including the model
represent a lower limit for the particle size under the respective
conditions (feed composition, temperature). Because of the
competing kinetics of nucleation and growth, the minimal
obtainable (mean) particle size (at perfect mixing) is limited by
the feed concentrations. With higher concentrations, higher
levels of supersaturation and, consequently, smaller particles
are obtained; thus the limit is shifted toward smaller particles.
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Mixing effects, agglomeration, and aggregation would all re-
sult in larger particles.

The deviation for high supersaturations in Figure 6 between
experiment and simulation could result from agglomeration or
mixing, although based on the mixing model presented below
mixing is sufficiently fast (deviation arises from the experi-
ment). It could also be model-based because the y., model is
calculated from Henry-type adsorption isotherms with limited
range of applicability and, consequently, with a tendency to
underestimate the particle size with increasing supersaturation.

A further interesting aspect of this figure is that it shows the
sensitivity of particle size on the interfacial energy in precipi-
tation because, at S = 1082 and R = 1.5 for instance, a
variation by less than 7% in the interfacial energy (from 0.1266
to 0.1181 J/m?) more than doubles the resulting particle size
under perfect mixing conditions. This clearly states the impor-
tance of knowing the interfacial energy at the corresponding
thermodynamic equilibrium (at least under perfectly mixed
conditions) as accurately as possible. In summary it can be said
that the chosen model approach is capable of predicting mean
particle sizes in nanoparticle precipitation under stable condi-
tions and sufficiently fast mixing.

Influence of mixing

Figure 7 illustrates the influence of mixing on the PSD,
represented by the number-weighted mean particle size. The
results were calculated for the precipitation of BaSO, from 0.5
M BaCl, and 0.33 M H,SO, solutions at 25°C and complete
stabilization (W — ). The interfacial energy was calculated
based on the presented model only as function of the feed
concentrations (v, = 0.1181 J/m?) without recalculating the
value for each time step as a function of the actual composition.
Different mixing conditions are expressed by the mean specific
power input and the four chosen profiles of & through the mixer
were evaluated.

As can be seen in Figure 7 the calculated mean particle size
decreases with mixing intensity for all four profiles from >200
to <40 nm. This is purely the result of the competing kinetics
of nucleation and growth. At low supersaturations, far fewer
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Figure 7. Influence of mixing on mean particle size and
comparison of various e-profiles, calculated
for BaSO, precipitated from 0.5 M BaCl, and
0.33 M H,SO, solutions at 25°C.
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particles are nucleated than at higher supersaturations. These
particles grow and thereby reduce supersaturation. Under the
investigated conditions more than 99.9% of the supersaturation
is reduced by growth.

Because the rates of nucleation and growth depend on su-
persaturation and thus the reduction rate of supersaturation (it
increases with increasing supersaturation), the kinetics of solid
formation results from the mixing kinetics unless mixing is
much faster. Consequently, if the mixing kinetics is slow,
lower levels of supersaturation are reached and fewer, but
larger, particles are generated with the same total particle mass
after precipitation. Figure 7 shows both cases: If mixing is as
fast as or faster than the solid formation kinetics it has no
influence on the resulting PSD. This limit is marked in Figure
7 as perfect mixing. The other case is designated as mixing-
controlled because the mixing kinetics controls the solid for-
mation kinetics and consequently the resulting PSD.

Figure 7 also compares the progression of particle size for
the four chosen profiles of & through the mixer, leading to
differences in the mixing kinetics and consequently in the PSD.
As can be seen, the experimental results agree best with the
profile step50, that is, the profile that assumes that 50% of the
power input is dissipated within the first 10% (1 mm) of the
mixer. This profile probably accounts best for the average
spatial and temporal distribution of & in the mixer from among
the four profiles because the power input arises from the
impinging of the jets within the first section of the mixer main
tube.

It is important to emphasize that all profiles were chosen
without detailed knowledge on the flow field in the mixer and
that applying CFD would give much more realistic profiles.
The presented model based on the global approach to mixing,
however, is much less time intense and was chosen to evaluate
its potential and limits as well as to identify crucial parameters.
Compared to the global approach, a CFD-based approach,
however, would involve much more computational effort.

Influence of interfacial energy

In the simulation results shown so far, the interfacial energy
is calculated for each set of feed concentrations based on the
thermodynamic equilibrium of the composition after precipita-
tion. This (although improved) treatment of the interfacial
energy can still be considered an approximation because the
interfacial energy might vary during the process as a result of
changes in composition by the progress of mixing (but not by
solid formation, given that the kinetics of solid formation do
not change the thermodynamic equilibrium of the system). The
resulting effect was also simulated by recalculating the inter-
facial energy for each time step as function of the liquid phase
composition. To distinguish both treatments of the interfacial
energy, the former is designated “without recalculation” and
latter “with recalculation” in the following. Both treatments
should, of course, give the same results for sufficiently fast
mixing.

The results are depicted in Figure 8 which compares exper-
imental data with simulation results for the precipitation of
BaSO,, using the step50 profile for the mixing model and
assuming complete stabilization (W — ) in the simulations.
Without considering the influence of composition at all
(squares), the mean particles sizes are clearly overestimated, as
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Figure 8. Comparison of experimental data and simula-
tion results with and without considering
changes of the interfacial energy arising from
composition and mixing, calculated for BaSO,
precipitated from 0.5 M BaCl, and 0.33 M
H,SO, solutions at 25°C.

was already shown in Figure 6. The two other plots with open
symbols in Figure 8 are simulation results including the model
of the interfacial energy without (triangles) and with recalcu-
lation (diamonds). For high values of epsilon (fast mixing), no
significant difference in the particle size is observed, as ex-
pected (necessary condition). For smaller values of epsilon the
simulated mean sizes including recalculation are smaller than
those without the recalculation of the interfacial energy for
each time step. This arises from the fact that the calculated
interfacial energies of both feed solutions are, because of larger
ion concentrations at the corresponding equilibria, smaller than
those in the perfectly mixed solution. For these lower concen-
trations, the simulated sizes with and without recalculation
differ less. No significant difference in the shape/width of the
PSD was found between the interfacial energy models with and
without recalculation.

A critical aspect of the model with recalculation is the
uncertainty concerning its accuracy because the interfacial
energies of the feed solutions were calculated based on extrap-
olating the Henry-type adsorption isotherms for Ba?>* and H"
ions, which were determined under solution compositions sim-
ilar to those of the mixed solution (Schwarzer and Peukert,
2005). For higher ion concentrations, the ion adsorption could
be overestimated (maybe even substantially) and thus the in-
terfacial energy and consequently the particle size would be
underestimated. Unfortunately, the range of applicability of the
adsorption isotherms is not clear. Also the minimum at a mean
specific power input of about 10* W/kg in the simulated plot
including recalculation in Figure 8 is not observed in the
experimental data (perhaps because of the experimental accu-
racy).

Furthermore, it might seem surprising that the differences in
mean particle size attributed to the interfacial energy models
are relatively small, smaller than the differences arising from
the different mixing kinetics (epsilon profiles) shown in Figure
7 (the real e-profile through the mixer is unknown). Based on
the sensitivity of the nucleation rate on interfacial energy and
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because the latter varies by about 10% during mixing under
these conditions (the difference between 7y, without model
and the model without recalculation is only 7% and a large
deviation can be seen in Figure 8), one would expect a much
larger influence. However, because of the dependency of the
nucleation rate on supersaturation, most particles nucleate at
maximum supersaturation, which does not occur until a large
degree of mixing has taken place. Thus as most nuclei are
formed, the value of the interfacial energy is already close to
the value at perfect mixing and, consequently, the differences in
mean particle size are relatively small.

Because the approach including recalculation depends on the
mixing kinetics and consequently on the chosen epsilon profile
through the mixer and, because its accuracy is uncertain, the
approach without recalculation seems preferable and it appears
more worthwhile to improve the model of the mixing influence.

Time scales in precipitation

Figure 9 shows the evolution of supersaturation and volume-
weighted mean particle size with time for BaSO, precipitated
from 0.5 M BaCl, and 0.33 M H,SO, solutions at 25°C. The
interfacial energy was calculated based on the model without
recalculation (y., = 0.1181 J/m?). To quantify mixing, a
specific power input typical for good mixing in the applied
T-mixer (g,,,, = 3 X 10* W/kg) in combination with the
step50-profile was used.

After about 1 us supersaturation buildup through mixing
starts. As the supersaturation increases, the nucleation rate
increases and at about 10 ws, the first particles occur as a result
of nucleation (amount larger than numeric tolerance). These
particles then grow and further nuclei are simultaneously gen-
erated. The evolution of supersaturation is still dominated by
the buildup through mixing, although the reduction of super-
saturation resulting from solid formation (nucleation and
growth) continuously increases. At about 0.2 ms, supersatura-
tion buildup and supersaturation reduction are equal. After-
ward, the evolution of supersaturation is dominated by the solid
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formation and mixing becomes complete. After about 1 ms, the
whole precipitation process is complete, that is, the supersatu-
ration is reduced to saturation and the primary particles are
formed. Secondary processes such as aggregation could now
dominate changes in the PSD. The potential influence of ag-
gregation considering both the Brownian and the turbulent
mechanisms, ranging between maximal aggregation (that is, no
stabilization, W = 1) and complete stabilization (W — ), is
also shown in Figure 9. Because the timescales in precipitation
are very short, measuring the temporal evolution of PSD re-
mains a challenge.

Impact of agglomeration and aggregation

To evaluate the effect of aggregation, simulations including
both shear-induced and Brownian aggregation were performed.
If the particles aggregate before supersaturation is completely
reduced to saturation (that is, during solid formation), strong
material bridges between the particles could be formed through
growth, making redispersion impossible. Because of the pos-
sible formation of these strong chemical bonds between the
particles, aggregation during solid formation is called agglom-
eration in the following.

For shear-induced agglomeration, the total impact on the
PSD during solid formation depends on two parameters: the
collision rate, which depends on the degree of turbulence; and
the duration of solid formation, that is, the time it takes to
completely reduce supersaturation to saturation. For the pre-
cipitation of BaSO, it was concluded that the strongest impact
occurs at highest power inputs because under such conditions
mixing can be considered instantaneous and the kinetics of
solid formation is not accelerated with increasing power input
in contrast to the collision rate. Thus simulations from 0.5 M
BaCl, and 0.33 M H,SO, solutions at 25°C, including shear-
induced aggregation using a mean specific power input of 10’
W/kg in combination with the step50-profile for the mixing
model were performed without considering that the degree of
turbulence might decrease significantly toward the mixer end
and that it is substantially reduced as the suspension leaves the
mixer. Thus the simulated impact of shear-induced aggregation
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Figure 10. Impact of shear-induced aggregation on
mean particle size during and after solid for-
mation at various stability conditions.
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is overestimated. Again, the interfacial energy was calculated
based on the model without recalculation (y, = 0.1181 J/m?).

The results, plotted in Figure 10, show the temporal evolu-
tion of the mean particle size for various stability conditions
ranging from no stabilization (W = 1) to complete stabilization
(W — ). As can be seen, only if there is no stabilization,
shear-induced agglomeration occurs significantly during solid
formation. Even at weak stabilization (W > 10-100), solid
formation is complete before the effect of agglomeration be-
comes significant. For lower values of the mean specific power
input, less impact of shear-induced agglomeration was found,
which can be attributed to the reduced number of collisions
attributed to both, the collision rate (Eq. 18) and the smaller
number densities n(x) attributed to mixing: the size of primary
particles increases and thus the total number of particles de-
creases with decreasing mixing intensity.

By a closer look at the involved timescales it becomes clear
that the stabilization has to occur within less than milliseconds
to prevent shear-induced agglomeration (and aggregation).
This might be critical if macromolecules are used for stabili-
zation. On the other hand, electrostatic stabilization through
potential determining ions is feasible because ion adsorption
kinetics and growth kinetics are correlated, especially if the
adsorbing ions also contribute to growth as in the investigated
case (Ba®" ions). It also becomes clear that whether potential
determining ions or macromolecules are used for stabilization,
they have to be added to the suspension before mixing and
solid formation because, otherwise, they would have to be
added, mixed perfectly at molecular level, and provided
enough time for adsorption, all within <1 ms after the initia-
tion of precipitation.

Another possibility of preventing shear-induced agglomera-
tion is to optimize the flow field (that is, to reduce the degree
of turbulence after mixing is complete), such as by adapting the
residence time in a static mixer by the mixer length in such
manner that mixing is just complete at the end of the mixer, or
by tailoring the mixer geometry. Then, instead of in highly
turbulent flows, solid formation takes place in a slightly mov-
ing, perfectly mixed suspension and thus shear-induced ag-
glomeration is reduced, or even prevented, by the mixer design.
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For Brownian agglomeration, the strongest impact occurs at
the slowest solid formation, that is, at the slowest mixing
conditions. This case was investigated by simulating the pre-
cipitation of BaSO, from 0.5 M BaCl, and 0.33 M H,SO,
solutions including Brownian aggregation using a mean spe-
cific power input of 1 W/kg in combination with the step50-
profile for the mixing model. Again, the interfacial energy was
calculated based on the model without recalculation (yo, =
0.1181 J/m?). Figure 11 shows, similar to the results of shear-
induced aggregation, that Brownian agglomeration occurs sig-
nificantly only if there is no stabilization. Even at weak stabi-
lization (W = 10), solid formation is complete before the effect
of agglomeration becomes significant. Thus Brownian agglom-
eration during solid formation and, consequently, the formation
of material bridges between particles can also be avoided even
by weak stabilization.

After solid formation and without stabilization, both mech-
anisms would—within seconds—Iead to particles with sizes
well in the micrometer range, as indicated in Figures 10 and 11.
Thus again sufficient stabilization is necessary to obtain nano-
particle suspensions. Details on the stability of nanoscaled
barium sulfate suspensions after solid formation can be found
in a previous study by the authors that quantified the stability
ratio W after solid formation (Schwarzer and Peukert, 2005),
based on measured aggregation kinetics. For the compositions
of this study, the values of the stability ratio are sufficiently
large.

However, there are no data on the stability ratio during solid
formation. To estimate the maximal possible impact of Brown-
ian and shear-induced agglomeration, simulations based on the
previous composition, the step50-profile for mixing and shear-
induced aggregation and the interfacial energy calculated with-
out recalculation were performed assuming that the stability
ratio W = 1 during solid formation until 99% of the mass is
transferred. Afterward complete stabilization is assumed. Ad-
ditionally it is assumed that shear-induced agglomeration oc-
curs only during the mean residence time of the mixer to take
the effect of the mixer geometry into account. The results are
plotted in Figure 12 and show the dominance of the Brownian
mechanism at slow mixing and the dominance of the turbulent
mixing at intense mixing. The maximum arises according to
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the residence time effect: for larger specific power inputs, the
residence time in the mixer is shorter than the solid formation
time and thus shear-induced agglomeration stops (according to
the chosen stability conditions) before solid formation is com-
plete. Concerning the stabilization against agglomeration, for
the investigated set of feed concentrations it appears to be
sufficient, even during solid formation.

Comparing the temporal evolution of particle size in Figures
9, 10, and 11 further insights into the dependency of particle
size as well as solid formation time on mixing conditions can
be gained: Within the investigated range of mixing conditions,
the solid formation time using the same feed solutions was
found to vary by about three orders of magnitude.

Comparison of particle size distributions

Figure 13 compares measured PSDs with simulation results
as number density distributions for the precipitation of BaSO,
from 0.5 M BaCl, and 0.33 M H,SO, solutions at two Reyn-
olds numbers (that is, mixing conditions), in combination with
the step50-profile for the mixing model, considering the inter-
facial energy calculated without recalculation and assuming
complete stabilization. Both distributions agree to some extent,
although the simulated distributions underestimate the width,
especially for large particles.

This discrepancy between experiment and simulation is at-
tributed to the assumption of plug flow through the mixer.
Resolving the flow field with space and time would lead to a
broader spectrum of mixing conditions (many e-profiles in-
stead of one e-profile) and consequently to broader distribu-
tions. Furthermore, possible longer residence times of the par-
ticles in a supersaturated environment attributed to back-flow
zones and large eddies (neglected in the presented model by the
assumption of plug flow through the mixer) would also be
considered, leading to the formation of a greater number of
larger particles in the simulation than in the current model.
Although it is not clear at the moment whether these effects
would account for all differences in the PSDs or only diminish
the differences to some extent, based on the data shown in
Figure 7 on the influence of the e-profiles, a significant increase
in the simulated width can be expected. Thus using CFD to
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calculate the flow field in the mixer in combination with
Lagrangian particle tracking and a coupling with the population
balance seem worthwhile and is currently under investigation.
Through the coupling the whole process including mixing can
be studied in greater detail and more realistic PSDs can be
predicted.

Conclusions

Nanoparticle precipitation was investigated experimentally
as well as through simulations using barium sulfate as the
investigated material. A precipitation model based on the pop-
ulation balance equation and coupled with a global mixing
model was presented and tested. A special feature of the
precipitation model is that all its kinetic parameters can be
derived from material properties, such as solubility and density,
and thus the model can be considered predictive. As important
parameters in the modeling of nanoparticle precipitation, the
physicochemical aspects in the calculation of supersaturation,
calculating the interfacial energy as a function of composition,
and an appropriate modeling of the mixing kinetics are iden-
tified.

Good agreement in mean particle size between experiment
and simulation is obtained if the interfacial energy is calculated
based on the presented approach. The coupling with the global
mixing model was found to work successfully with respect to
mean sizes, although it involves some uncertainties concerning
the distribution of the specific power input in the mixer. Many
insights into the process and the involved timescales of solid
formation are obtained, ranging (for complete solid formation)
from less than milliseconds at intense mixing up to hundreds of
milliseconds at slow mixing. Because the rates of nucleation
and growth depend on supersaturation, a minimal particle size
limit was identified as a function of feed composition, which
represents perfect mixing and complete stabilization.

Agglomeration was investigated considering both shear-in-
duced and Brownian aggregations. It was found that Brownian
agglomeration dominates at slow mixing conditions and shear-
induced aggregation dominates at fast mixing. Thus both
mechanisms have to be considered in the model. Concerning
the stability, it was calculated that even at weak stabilization no
significant impact on particle size occurs during solid forma-
tion. However, without stabilization, the impact is significant
and an estimate of the maximal impact was calculated. For the
investigated set of feed concentrations, however, the stability
appears to be sufficient even during solid formation. Neverthe-
less, stabilization is necessary because, otherwise, the particles
would aggregate within seconds into the micrometer range.

A comparison of PSDs showed that the width of the PSD is
underestimated in the simulations. Based on the detected strong
influence of the chosen mixing histories this is attributed to the
assumptions of plug flow and the neglect of considering spatial
and temporal fluctuations in the approach. Resolving the flow
field with space and time would lead to a broader spectrum of
mixing conditions and, consequently, to broader distributions.
Possible longer residence times in a supersaturated environ-
ment attributed to back-flow zones and large eddies (neglected
in the global model by the assumption of plug flow through the
mixer) would lead to the formation of more and larger particles
in the simulation than in the current model. Thus a significant
increase in the simulated width can be expected if the spectrum
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of mixing conditions is included in the model. Nevertheless,
the presented model represents an appropriate and now-vali-
dated approach to the predictive simulation of mean particle
sizes in nanoparticle precipitation.

Notation

a, = molar activity of species i, kmol m?
4 -1

B,,, = birth rate density function of aggregation, m™“ s
Bpom = nucleation rate, m > s~!
¢ = molar concentration, kmol m™>
D, = diffusion coefficient, m* s~
= death rate density function of aggregation, m * s~!
e = elementary electric charge (1.602 X 10~'%), C
E = engulfment parameter, s '
F = Faraday constant (9.6485 X 107), C kmol '
f(xc) = function describing the density distribution of nuclei
G = linear growth rate, m g !
1 = ionic strength, kmol m~>
k; = adsorption coefficient of species i, m* m >
k = Boltzmann constant (1.381 X 1072%), J K™!
K42 = secgnd stage dissociation constant of sulfuric acid, kmol
m3
K;, = equilibrium constant of ion-pair complex formation, kmol
m3
= solubility product, kmol*> m~®
M = molecular weight, kg kmol !
N, = Avogadro’s number (6.023 X 10%¢), kmol !
N(x) = particle number density of size x, m™*
R = initial molar ratio of barium to sulfate ions
R = ideal gas constant (8314), J kmol ' K™!
Re = Reynolds number
S = supersaturation
S. = concentration-based supersaturation
Sh = Sherwood number
T = temperature, K
t = time, s
Upnean = Mean velocity in the main tube of mixer, m s~
= molecular volume, m>
W = stability ratio
X, x; ,; = volume-equivalent particle diameter, m
x. = size of a critical nucleus, m
X, = volume fraction of zone i
z; = ion valency of species i

1

Greek letters

Beon = particle—particle collision rate, m> s~

Ap = pressure drop, Pa
I'; = surface concentration of species i, kmol m™
Y Yo» Yer, = interfacial energy, J m~>
. = activity coefficient
& = relative permittivity
& = electric field constant (8.854 X 10'?), C2J ' m™!
& = specific power input (that is, energy dissipation rate), W
kg™!
{ = pressure drop coefficient
A = integration parameter (volume-equivalent particle diameter),
m
; = (electro-)chemical potential of species i, J
v = dissociation number
vp = kinematic viscosity of fluid, m? s~
pc = density of particles, kg m?
pr = density of fluid, kg m
o, 0y = surfzace charge density, structural surface charge density, C
m
W, ¥, = electrical potential, surface potential, V

2

1
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